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The development of an analysis for examining the nonlinear dynamic phenomena arising in the Space Shuttle
orbiter tile/pad thermal protection system is presented. The tile/pad system consists of ceramic tiles bonded to
the aluminum skin of the orbiter through a thin nylon felt pad. The pads are a soft nonlinear material which
permits large strains and displays both hysteretic and nonlinear viscous damping. Application of the analysis to a
square tile subjected to sinusoidal motion of the orbiter skin is presented and the following nonlinear dynamic
phenomena are considered: highly distorted waveforms; amplitude-dependent resonant frequencies which
initially decrease and then increase with increasing amplitude of motion; magnification of substrate motion,
which is higher than would be expected in a similarly highly damped linear system; and classical parametric
resonance instability.
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Nomenclature
= amplitude of vertical sinusoidal substrate

acceleration
= tile/pad contact area
= damping coefficients, see Eqs. (14)
= components of the Green strain tensor
= magnification factors defined in Eqs. (33)

and (36)
= applied tile force vector, see Eq. (24)
= applied tile centroidal forces in x and y

directions, respectively
= acceleration due to gravity
= pad and tile thicknesses, respectively
^effect ive s t i f fness coefficients in

nonlinear viscous damping law, see Eq.
(15)

= tile mass
= system mass matrix, see Eq. (22)
= applied moments about x and y axes,

respectively
= applied tile centroidal normal force in z

direction
= vector of tile displacement components

defined in Eq. (23)
= damping law exponents, see Eq. (13)
= vector of internal pad stress resultants

definedinEq.(19)
= tile radii of gyration about x, y, and z

axes, respectively
= Kirchhof f stress components

= steady-state, time-averaged Kirchhoff
stress components

= time
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T = period of steady-state motion
T0 = applied tile torque about z axis
u,v,w = displacement components in xf yt and z

directions, respectively
uo>vo>wo = values of u, v, and w at tile centroid,

respectively
us> vs> w

s — components of substrate displacements in
x, y, and z directions, respectively

Vp — undeformed pad volume
x,y = lateral axes, see Fig. 1
z = vertical axis (normal to orbiter skin), see

Fig. 1
ctx,ay = rotation of tile about x and y axes,

respectively
@x,$y = average linear pad rotations as defined in

Eq. (21)
e = linear vertical strain component as

defined in Eq. (20)
yx,yy = linear shear strain components as defined

in Eq. (20)
T? = loss factor defined in Eq. (29)
6 = rotation about z axis
oa = uniform applied normal stress
azz, T^, rzy = Euler stress components
ra = applied uniform shear stress
un,us = low-amplitude, steady-state vertical and

lateral resonant frequencies about fixed
normal and shear prestress states,
respectively

0 = frequency of sinusoidal substrate motion
fir, 0 = reference and resonant frequencies
f = coefficient of nonlinear viscous damper,

seeEq. (14)
fe = equivalent quasilinear percent of critical

damping ratio as given by Eq. (35)
Subscripts and Superscripts

D — strain-rate-dependent stresses
/ = strain-rate-independent stresses
o = tile centroid
p —pad
s = substrate
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Introduction

THE Space Shuttle orbiter thermal protection system
consists of ceramic tiles bonded to thin nylon felt pads,

known as strain isolator pads, which are composed of
thousands of intertwined nylon filaments. The pads, in turn,
are bonded to the aluminum skin of the Shuttle orbiter.
During a mission, tile/pad combinations experience dynamic
loads arising from acoustics, structural vibration, and
transonic shock. As a consequence, the pad experiences
motion of varying magnitudes and frequencies. Experiments1

have shown that as the pad is cyclically loaded and unloaded,
hysteresis loops occur in the stress-strain behavior of the
material. Furthermore, these loops creep as a function of
stress level and number of cycles. The creep of the loops
eventually becomes very small with each additional cycle, but
its effect is to produce a highly nonlinear hardening pad
material which is quite soft at low stress levels and con-
siderably stiffer at higher stress levels. In addition, the
hardened material exhibits both coulomb- and viscous-type
damping. For tiles under static load2 and for the unidirec-
tional response of tiles under dynamic load,3 it was found that
the nonlinear pad material properties after cycling
significantly affected tile/pad behavior. This produced, in
many cases, considerably higher normal stresses in the pad
than before cycling. The nonlinear pad properties also give
rise to certain physical phenomena of both practical and
academic interest.

The purpose of this paper is to present a synopsis of the
different analytically predicted nonlinear dynamic
phenomena which arise in the Space Shuttle tile/pad thermal
protection system and the development of the analytical
model used in their prediction. The following phenomena will
be considered:

1) highly distorted waveforms having sharp high stress
peaks;

2) amplitude-dependent resonant frequencies which
initially decrease and then increase with increasing amplitude
of motion;

3) higher amplification of imposed substrate motion than
would be expected in a similarly highly damped linear system;
and

4) classical parametric resonance due to large tile motion.
All of these phenomena have been observed in laboratory

tests of sinusoidally driven tile/pad combinations and where
available are compared with predicted responses. Although
flight dynamic loads are expected to be random, the system
nonlinearities should be understood and characterized under
sinusoidal loading before examination of more complex
loading.

Tile, Substrate, and Pad Motions
As shown in Fig. 1, the tile/pad Space Shuttle thermal

protection system consists of ceramic tiles bonded to the
Space Shuttle aluminum skin (substrate) through a felt pad.
In deriving a mathematical model for the system, a series of
assumptions are made for the tile, substrate, and pad
motions.

Assumption 1
For the tile, it is assumed, as in Refs. 2 and 3, that each tile

behaves as a rigid body and undergoes small rotations.
Consequently, the tile displacements u(, v(, and wt parallel to
the x, y, and z axes, respectively, as shown in Fig. 1, may be
expressed as

u t ( y , z , t ) = u 0 ( t ) + z a y ( t ) - y O ( t )

vt(x,z,t)=v0(t) -zax(t) +xO(t)

wt(x,y,t)=w0(t)+yax(t)-xay(i)

(1)

Assumption 2
The substrate is assumed to have lateral rigid body motions

u s ( t ) and v s ( t ) and vertical motion ws(x,y,t) due to sub-
strate flexibility.

Assumption 3
For the pad, the following linear through-the-thickness

displacements are assumed:

, „ [ut(y-ht/2,t)-us(t)]zf . .,.— —— — —— - — —

vt(x-ht/2,t) -vA± —— '—-1 —— s- (2)

, ^ [wt(x,y,t)-ws(x,y,t)]zf
(x,y,z>t) = — - —— —— — s- —————— + w5 (x,y,t)

where
z'=hp+ht/2 + z

Substituting Eq. (1) into Eq. (2) gives

_ (u0-htay/2-yd-us)z'
UP~ fo

(v0 + h(ax/2+x6-vs)zf

(w0+yotx-ya -ws)z'

(3)

Constitutive Law for the Pad
General Discussion of Pad Stress-Strain Behavior
Assumption 4

Because the pad is known to be a very soft material, it is
anticipated that pad deformations and strains will be large.
Consequently, it is elected to establish the pad constitutive law
in terms of Kirchhoff stresses and Green strains.5 Inasmuch
as the pad experiences only tensile, compressive, and shear
load applied to its surface normal to the z axis, it is reasonable
to assume that the following Kirchhoff stress components
vanish:

(4)

PAD
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-TILE
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\

/

\
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H A H
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Fig. 1 Tile/pad geometry, a) Tile/pad contact area; b)
Tile/pad/substrate profile.
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Assumption 5
For the nonvanishing stresses, material property tests1 were

conducted in which the pad was slowly loaded in tension,
compression, or shear on its surface normal to the z axis.
These tests revealed, as displayed in Figs. 2a and 2b, that
under cyclic loading of a prescribed amplitude the pad
exhibits hysteretic behavior. The hysteresis loops thus formed
involve energy dissipation and may be due to static coulomb
frictional damping which is strain-rate independent. This is
physically resonable since pad filaments are sliding over one
another during loading or unloading. However, it is known4

that for a driven linear spring/mass/damper system, the
energy dissipation due to coulomb damping is not sufficient
to produce bounded oscillations at resonant frequencies.
Inasmuch as physical oscillations are always bounded, it
would appear reasonable to postulate an additional energy
dissipation mechanism which is strain-rate dependent. Thus it
is assumed that the total pad Kirchhoff stress components are
the algebraic sum of strain-rate-independent and strain-rate-
dependent components denoted by superscripts (/) and (Z>),
respectively. Thus

s = s(
^zx ^

s =°

(5)

elsewhere, the Euler (or actual) stresses in the deformed pad
may be calculated from the Kirchhoff stresses of the de-
formed pad using Eqs. (2).

Assumption 6
It is further assumed for the pad constitutive law that the

strain-rate-independent Kirchhoff stress components depend
upon the history of the Green strain components Ezz, E^, and
Ezy) while the strain-rate-dependent Kirchhoff stress com-
ponents depend upon the strain-rate temporal derivatives Ezz,
E^, and Ezy. Substituting Eq. (3) into the definition of the
Green strain tensor, 5 the strain components may be expressed
as

^ 1/2(u0-htay/2-yQ-us)2

_ (u0-h,ay/2-ye-us)

!/2(w0+yax-xay -

*>]

-vs) l/2Q(u0-htay/2-y8-us)

When the strain rate goes to zero, the superscript (D) terms
vanish and the slow load-rate hysteresis becomes the sole
damping mechanism. From the formulas of Ref. 5 and

100th CYCLE

-] (6)

a)

-10 L
b)

-1 25-1 00 -.75 -.50 -.25 0 .25 .50 .751 .001 .25
Uo/hp

Fig. 2a) Effect of uniaxial cyclic loading on through-the-thickness
pad material properties; b) effect of cyclic shear loading on pad
material shearing properties.

where E^ and Ezy have been approximated by using average
values over the pad thickness.

Strain-Rate-Independent Stresses
Assumption 7: Conditioning of the Pad

As shown in Figs. 2a and 2b, the hysteresis loops under
slow cyclic loading creep as a function of load amplitude and
number of cycles. As is the case with many materials, the
primary creep range in which the creep is rapid is followed by
a secondary range in which the creep is much slower. Hence
the creep of the loop eventually becomes very small with
additional load cycles of the same or lower amplitude. This
process, which produces a quasistabilized material will be
referred to as "conditioning." The hysteresis loop formed by
the conditioning load cycles will be referred to as the loop
"envelope." Provided the pad has not experienced a load
amplitude higher than the one conditioned at, it would appear
that the creep of the hysteresis loops can be safely neglected
during a short time analysis. Hence it is assumed that the pad
material has been conditioned at a load amplitude which is
not exceeded during the period of time to be analyzed.
Analytical responses of the system have indicated that the
system is not very sensitive to small additional creeping. As a
consequence of this assumption, the analysis may be carried
out over a small period of time (e.g., a few hundred cycles)
and then restarted using material property data corresponding
to additional cycles at the calculated stress amplitudes which
meet or exceed the conditioning amplitude. Consider then the
conditioned envelopes arising under uniaxial ten-
sion/compression and shear cyclic tests.

Uniaxial Tests and Assumption 8
The uniaxial tension/compression tests measure the

relationship between an applied uniform normal stress, aa,
and displacement, w0/hp, as shown in Fig. 2a. In these tests,
the Euler stresses are

°zz = °a TVC = TV = O (7)

while us, vs, and w5 are zero.
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generality to consider the Euler (or actual) stress state as

Fig. 3a) Loading/unloading paths within a conditioned hysteresis
envelope during uniaxial test; b) loading/unloading paths within a
conditioned hysteresis envelope for coupled vertical-lateral motions.

A typical envelope resulting from the uniaxial cyclic loading
is shown in Fig. 3a. Also shown are typical loading and
unloading paths from different strain-rate-independent states
within and on the envelope. Based on the observations of pad
behavior and on assumption 7, it is further assumed that,
irrespective of loading or unloading path, the pad strain-rate-
independent state cannot lie outside of the envelope and that
within the envelope loading/unloading paths may be curve
fitted by appropriate scaling and translation of portions of the
envelope. However, as discussed later, the presence of strain-
rate-dependent stresses allows the total stress-strain state to lie
outside the envelope. Details on the curve fitting are given in
Ref. 3.

In the uniaxial tests the strain-rate-independent Kirchhoff
stress components are

-0 (8)

Also, by symmetry, u0,
from Eq. (6)

v0, ax, ct, and B are zero, so that

(9)

Hence, for uniaxial loading, an empirical relationship be-
tween Szz and Ezz as presented in Fig. 3b may be established
from the uniaxial test curves of Fig. 3a and Eqs. (8) and (9).

Shear Tests and Assumption 9
The cyclic shear tests measure the relationship between an

applied uniform shear stress, ra, parallel to the x (or y axis),
and the displacement u0/hp (or v0/hp). Assuming that the
material is isotropic in the x-y plane, there is no loss in

(10)

while us, vs, and ws are also zero. From cyclic shear tests a
typical envelope and loading/unloading paths from different
strain-rate-independent states may be established similar to
what is done for the uniaxial tests. Assumption 8 is also taken
to apply to the shear tests.

In the shear tests the Kirchhoff stresses are

0(7) = C(/) =
^ ^ =T(f) =' (U)

and by symmetry, v0, w0, OLX, ay, and 6 are zero, so that from
Eq. (3),

(12)

Hence the relationship between S^ and 2EVC (or similarly Szy
and 2Ezy) is the same as that shown in Fig. 2b for ra vs u0/hp.

Assumption 10: Coupling of Normal and Lateral Motions
Tests have shown that an applied stress, a0, affects the

relationship between ra and u0/hp, and likewise ra affects the
relationship between aa and w0/hp. For example, when the
pad is sheared in the absence of aa, Figs. 4a and 4b show that
a coupling exists between w0/hp and ra. This coupling may be
adequately analyzed by modeling the pad behavior to account
for large displacements rather than resorting to a coupled
constitutive law which would be difficult to experimentally
quantify. Hence it is assumed that there is no coupling in the
pad constitutive law; that is, S^ depends solely upon the
strain history of Ezz\ S^ depends solely upon the strain
history of E^\ and S^depends solely upon the strain history
of Ezy. This assumption allows the constitutive law governing
the strain-rate-independent stress components Szz\ 8$ and
S^ to be determined solely from uniaxial com-
pression/tension and shear test data since all the coupling is
provided by the geometric large displacement terms in the
strain components.

Since Szz
} is zero during the shear test, the use of this

assumption implies that Ezz must also be zero during the shear
test. However, the test data imply that Ezz actually has a small
value during the shear tests as shown in Fig. 4b. This figure
displays the actual test value of Ezz, which is calculated at
different values of the applied shear stress ra using the second
of Eqs. (12), the shear test envelope, and the measured normal
motions of the pad during the shear test as shown in Fig. 4a.
From Fig. 4b it is seen that a relatively small vertical normal
strain exists compared to the lateral shear strain during the
shear test. As shown in Fig. 3a, Szz is quite small at small
values of Ezz. Thus assumption 10 appears to be quite
reasonable.

Assumption 11: Strain-Rate-Dependent Stresses
It is assumed that the strain-rate-dependent stress com-

ponents are given by a power law in which each dissipative
stress component is in the direction of the corresponding
strain-rate component as3

= CyhpEzy

=CzhpEzz

(13)

where Qr is a fixed reference frequency; qn and qs are damp-
ing parameter exponents to be determined from test; and Cx,
Cy, and Cz are assumed to be proportional to an effective
dynamic stiffness, such that
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Fig. 4a) Vertical motion of pad due to applied cyclic shear stress; b)
error generated in approximating vertical-lateral coupling.

dynamic stiffness, such that

(14)

in which fw and £s are dimensionless damping parameters to
be determined from tests. Owing to the coulomb frictional
forces present in the pad, the pad stiffness properties are
discontinuous at the strain-rate reversals that occur during
cyclic motion. Hence it is reasonable to define Kx, Ky, and Kz
as effective dynamic stiffnesses which are stress dependent;
that is,

(15)

Equations of Motion
The equations of motion may be derived from the principle

of virtual work, which, in the undeformed geometry of the
pad, may be expressed as

4- m (U0du0 + v'0dv0 + vv06w0 + r2oixdctx + r2aydoty + r2 060)

where 6 is the variational operator.
Substituting Eqs. (6) into Eq. (17) and recognizing that the

resulting equations must be true for all variations of w0, u0,
v0, otx, ay, and B gives the following equations of motion:

[Q} + [M][q} = [F] (18)

where [Q] is the internal resultant force vector whose
components are

Q3=\
JA

Q5= ( [Szz(xyy-yyx)/hp + y2Szx(yy+xd/hp-2y/hp)
v Ap

+ >/2Szy (2x/hp+By/hp -yx)]dAp (19)

where e, yx, and yy are linear strain components

where un and w5 are low amplitude resonant frequencies
about mean stress levels, Szz, 5^,5^, of the fluctuating
components of pad stress. The frequencies wn and o>5 may be
determined on the basis of low amplitude sinusoidal uniaxial
and shear tests, respectively, about prestress conditions in the
pad. Furthermore, it is convenient to select the reference
frequency, Qr, equal to the vertical low amplitude resonant
frequency about a zero mean stress level in an actual tile/pad
system§

), = «,, [0] (16)

In Eq. (13) a single term representation of the strain-rate-
dependent stress components is used rather than a sum of such
terms since it is highly desirable to keep the number of
parameters to be evaluated from tests to a minimum. The
existence of the strain-rate-dependent stress components
allows the total state of stress-strain to lie outside of the
conditioned envelope.

§The tile/pad system considered herein consists of a
15.24x 15.24x9.525-cm LI900 tile on a 12.7x 12.7x0.406-cm pad
(6x6x3.75-in. tile on a 5x5 x0.160-in. pad). An LI900 tile has a
mass density of 0.288 g/cm3 (9 lb/ft3).

(20)

and &x and (ly are average rotational components,

(21)

[M] is the diagonal mass matrix,

1

1

1

[M]=m

(22)
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{ q } is the vector of displacement components,

(23)

and [F] is the applied tile force vector,

P

Fv

Mx/hp

My/hp

(24)

Equations (18) are integrated explicitly using the following
recursive relations

(25)

(26)

where A/ is an appropriate time step. The initial conditions for
Eqs. (19) may be specified on the strain-rate-independent
Kirchhoff stress components, on { q } , and on { q } . The initial
strains and strain rates may then be calculated from Eqs. (6)
and the strain-rate-dependent stresses from Eq. (13). If the
initial state of stress strain lies outside of the normal or shear
envelope, then the strain rate must initially be nonzero.

At the /th time step, the known displacement vector { < ? ) ,
and [q}; are used to compute the Green strains and strain
rates from Eq. (6). In turn, these strains and strain rates, in
conjunction with Eqs. (5), (13), and the tracing of the stress-
strain curves (see Ref . 3 for details on how the tracing of the
stress-strain curves is accomplished on the computer), provide
the Kirchhoff stresses. Integration of these stresses in Eq. (19)
yields the ^ultant pad force vector at the /th time step { Q), .
The velocity and displacement vectors are updated for the
/+ 1 time step using Eqs. (25) and (26).

Vertical Sinusoidal Substrate Motion
General Discussion

In this paper application of the analysis presented herein is
limited to a typical LI900 thick tile on the Space Shuttle. 1
Experimental results are from Refs. 3, 6, and 7.

It is believed that the primary source of dynamic excitation
to the tile/pad system on the Space Shuttle orbiter is from
vertical substrate motion. Hence, consider the case where ( Q]
is zero and

(27)

while us and vs are zero and A is the number of G's of ac-
celeration. For S^ , the damping parameters were deter-
mined in Ref. 3 based on available test data to be

(28)

may then be found by substituting Eqs. (28) and (14)
through (16) into the last of Eqs. (13).

Wave Shape
Figure 5 shows the analytically predicted and ex-

perimentally observed steady-state tile/pad interface stress,
azz, as a function of time due to the substrate motion
described by Eq. (27), when A is 30 and 12 is 80 Hz. The Euler
stress ozz may be calculated from the solution of Eqs. (25) and
(26) as

Both the analytical and experimental wave shapes are highly
nonlinear with high stress peaks. (A linear system would give
a purely sinusoidal response.) These peaks seem to be due to
the tile acquiring a high velocity over the soft material range
which causes it to overshoot into the stiff material range thus
producing high stress peaks on each cycle of motion.

Resonant Frequency
Figure 6 displays the variation of resonant frequency fi with

substrate acceleration amplitude A. (l is taken as that value of
Q which yields the peak amplitude steady-state pad stress. The
experimental data were derived from tests on two tile/pad
combinations. Variation in pad properties between the two
specimens probably accounts for much of the data scatter.
The analysis uses average pad data and thus lies within the
data scatter. With increasing A , analysis and experiment both
show a rapid decrease in resonant frequency (effective
dynamic softening) followed by a slow increase in resonant
frequency (effective dynamic hardening).

The trend can be understood by considering the material
behavior of Fig. 3a/At small values of A the material follows
a stiff loading/unloading loop (loop A), with little or no
portion of the cycle on the lower modulus envelope. This
indicates that for small A the friction forces between pad
filaments account for the entire load carrying mechanism of
the pad. As A is increased, a large portion of the cycle lies on
the soft portion of the envelope (loop B), and so the resonant
frequency decreases. With further increase in A, the resonant
frequency starts increasing as more and more of the cycle
begins to include the higher modulus region of the envelope at
raised stress levels (loop C).

Pad Damping
Damping mechanisms in the pad may be examined by using

the analysis to evaluate the loss factor r/ at the resonant
steady-state frequency. The loss factor is defined herein as

rj=(l/2ir)(Ed/Ek) (29)

where Ek is the peak kinetic energy attained by the tile during
a steady-state cycle of motion, namely,

and Ed is the energy dissipated by the pad per cycle of steady-
state motion, which may be calculated by evaluating the
integral

Ed = ADozz(w-ws)dt (31)

USee footnote^.

in which t0 is any time large enough so that the system is in
steady-state motion and 71s the period of motion,

(32)

In Fig. 7 the variation of r? with A is shown with and
without nonlinear viscous damping present; that is, with both
strain-rate-independent and -dependent stresses present, and
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Fig. 6 Variation of tile resonant frequency with imposed vertical
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Fig. 7 Variation of loss factor with amplitude of vertical sinusoidal
substrate acceleration.

with only strain-rate-independent stresses present. In the
latter case, the energy dissipation is due only to hysteretic
losses attributable to pad friction. Both curves exhibit similar
trends and show rj approaching a constant value at large
values of A. For high values of A, it appears that the energy
loss due to strain-rate-independent stresses alone accounts for
about 30% of the total energy loss. Figure 7 also indicates that
maximum energy dissipation efficiency occurs near a value of
A equal to 15 (i.e., a substrate acceleration of about 15 G's).
This is reflected in the system magnification factor/, defined
as,

f=\w\/\ws\ (33)

which after substituting Eq. (27) into Eq. (33) yields

f=w/AG (34)

Figure 8 illustrates the analytical and experimental variation
of / with A and, as would be expected from Fig. 7, the
analytical curve has a minimum when A is between 10 and 15,
but, unfortunately, the scatter in the experimental data makes
confirmation of this difficult.

Development of Equivalent Linear Viscous Damper
It has been shown that the tile/pad system is highly

nonlinear. Nevertheless, it may be desirable to establish linear

EQUIVALENT
PERCENT

OF
CRITICAL
DAMPING,

30

20

10

.1 .2 .3
INITIAL STRAIN

.4

Fig. 9 Variation with initial strain of equivalent percent of critical
damping ratio on the basis of logarithmic decrement.

models which can provide reasonable results for certain
dynamic characteristics of the system. To this end an
equivalent linear viscous damper is sought by using the
nonlinear analysis to evaluate an equivalent percent of critical
pad damping ratio denoted as £e.

A typical procedure for determining $e is based upon
logarithmic decrement in which the pad is given an initial
strain and then allowed to come to rest. This procedure
provides an indication of the decay rate of tile response and is
therefore significant in transient analysis. The logarithmic
procedure gives8

(35)

where

Figure 9 provides the variation of le for different initial
strains and shows that $e increases monotonically with initial
strain; going from 8% at small initial strain to over 40% at a
relatively high initial strain. Since £e varies significantly with
initial strain, the log decrement procedure yields at best a
quasilinear model in which the damping ratio would be
provided as a prescribed strain-dependent variable.

Using fe, an equivalent magnification factor, fe, can be
established at the resonant frequency using the linear result3

(36)

Thus, from Fig. 9 and Eq. (36), it is seen that/e, when based
on log decrement, decreases from 6.17 at small initial strain to
about 1 at a relatively high initial strain. This observation
does not correlate well with the nonlinearly predicted results
of Fig. 8. For example, it is reasonable to believe that the
value of fe at high strain should correlate with the value at
high substrate motion, but it does not. Thus, while the log
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Fig. 11 Parametric resonance stability boundary.

decrement procedure indicates that large amplitude motion is
highly damped and will decay rapidly, it leads to an un-
derestimation of the magnification of substrate motion.

An alternate procedure for establishing £, is based upon the
loss factor 77. An equivalent quasilinear viscous damper
dissipates the same energy per cycle as the nonlinear system at
the resonant frequency when £e is one-half of the loss factor
rj.9 Since fe varies with A in a manner similar to the variation
of T? with A (see Fig. 7), again a strictly linear equivalent
viscous damper cannot be determined. However, $e based on
loss factor yields reasonable correlation with the nonlinearly
predicted magnification factor as shown in Fig. 8, where Eq.
(35) has been used to evaluate/^ based on loss factor.

In summary then, £e based on logarithmic decrement is
generally higher than that based on loss factor especially at
high amplitude motions. Consequently, high response peaks
decay rapidly with time, but energy dissipation in the pad is
not consistently as high owing to the nonlinear character of
the pad which allows the tile to accelerate rapidly through the
soft modulus region of the pad and thus attain a high pad
stress peak of short time duration in the stiff modulus region
of the pad.

Parametric Resonance
At certain combinations of the vertical substrate ac-

celeration amplitude A and the frequency 0, the system
becomes unstable laterally. This is demonstrated analytically
in Fig. 10, where the substrate is oscillating vertically in
steady-state motion at 80 Hz with an acceleration amplitude
of A equal to 30 (i.e., 30 G's). If the system is perfectly
symmetric, as is assumed here, no lateral motion occurs and
the normal stress, ozz, exhibits the typical nonlinear high-
peaked response history seen in Fig. 5, while the shear stress is
zero. However, in reality there always exists some perturbing
disturbance to excite an instability if it exists. Hence, to excite
the lateral motion, a small oscillatory disturbing shear stress is

externally applied to the tile with a magnitude of 0.001 psi and
oscillating at 80 Hz; the same frequency as the vertical
motion. (This is equivalent to 0.03 G's of lateral acceleration
on the tile.) After a few cycles the lateral stress grows from
0.001 psi to about 0.5 psi and takes on a frequency about half
that of the vertical substrate and tile frequency. Such behavior
is classically referred to as parametric resonance.10 Figure 10
also shows that as the shear stress and hence lateral motion
grows, the normal stress decreases as energy leaves the ver-
tical motion and goes into lateral motion.

Using the analysis herein, similar results can be generated
for other combinations of A and fl to produce the stability
boundary shown in Fig. 11. The stability boundary is derived
using average pad properties and thus tile/pad specimens may
have somewhat different boundaries from what is shown
here. However, general statements about its character can be
safely made.

The figure illustrates that for low amplitude motion the
system is always stable, but becomes unstable above a critical
value of A which for the pad properties used herein is 16. The
instability occurs over a specific frequency band; the width of
the band growing slowly with increasing A. Further, for the
tile/pad combination under examination here, there does not
appear to be any instability possible at frequencies below 40
Hz independent of A.

Also shown in Fig. 11 is a duplicate of the experimental and
analytical resonant frequency variation with A as provided in
Fig. 6. As is seen, the analytically predicted resonant
frequencies, for the pad properties used herein, lie outside of
the unstable range for values of A less than 32. Above this
value the resonant frequency will have little significance
unless the tile is restrained from lateral motion. Most of the
experimental resonant frequencies lie in the predicted stable
region and, for A greater than 16, all but one test data point
lie above the unstable region. Thus, in performing sine sweep
tests to locate resonant frequencies, the unstable region may
well be entered temporarily. Indeed this has been the ex-
perience in experimental investigations, where the parametric
resonance of the system was first observed. In fact,
parametric resonances were observed in torsional as well as
lateral instabilities.

Concluding Remarks
An analysis has been presented for examining the nonlinear

dynamic behavior of the tile/pad thermal protection system
of the Space Shuttle orbiter. The analysis takes into account
the nonlinear behavior of the pad including both hysteretic
and nonlinear viscous damping as well as large strains and
coupled vertical-lateral motions. It was shown that the steady-
state motion of the system due to sinusoidal substrate motion
results in high pad stresses due to the tile acquiring a high
velocity in the soft region of the pad material which causes it
to overshoot into the stiff region of the material. It was also
shown that the resonant frequencies of the system initially
decrease and then increase with increasing amplitude of
motion and that magnification of the imposed substrate
motion is higher than would be expected in a similarly highly
damped linear system. Furthermore, the soft nature of the
pad leads to large strains which may produce a parametric
resonance instability in the system.
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